I. INTRODUCTION
The single spin asymmetry (SSA) is a powerful tool to reach a detailed understanding of the structure of hadrons, and has received a lot of attention in last decades. In particular, the polarization phenomena of hadrons (proton or lambda hyperon) produced in high energy can provide further information about the spin structure of the hadron and the spindependent hadronization mechanism in fragmentation region [1] [2] [3] [4] [5] . The production of the large transverse polarization of the lambda hyperon in unpolarized pp scattering has been observed [6] [7] [8] [9] and brought theoretical challenges to the understanding [10] [11] [12] [13] [14] [15] of those phenomena within Quantum Chromodynamics (QCD). Recently, the transverse polarization of Λ hyperon in e + e − → Λ ↑ + X and e + e − → Λ ↑ + h ± + X was measured by the Belle Collaboration [16] , in which the polarized fragmentation function D ⊥ 1T plays a major part in these effects. The function D ⊥ h/q 1T represents the transverse momentum dependence of a transversely polarized hadron h fragmented from an unpolarized quark q. Besides model calculations [17, 18] , these measurements provides an important approach for future extraction of D ⊥Λ/q 1T . On the other hand, The polarized fragmentation functions may also be used as a probe [19] to explore the partonic structure of the nucleon through the semi-inclusive deep inelastic scattering (SIDIS). The renowned example is the Collins fragmentation function [20] , which plays an important role in accessing the transverse spin structure of the nucleon. Furthermore, in recent years, the production of transversely polarized hadron in SIDIS has been studied both by experiments [21] [22] [23] [24] [25] and by theory [26] [27] [28] [29] [30] .
In this work, we extend the phenomenological study of the polarized hadron production in SIDIS at the twist-3 level within the transverse momentum dependent (TMD) framework. To be clear, the approach is different from the collinear twist-3 formalism which is also applied to study the same process [27, 30] . We focus on the sin φ S h azimuthal asymmetry in the transversely polarized hadron production in SIDIS off an unpolarized nucleon: ℓ+N −→ ℓ ′ + h ↑ + X, where φ S h is the azimuthal angle of the transverse spin S hT with respect to the lepton plane. In this process, only φ S h is need to be measured, and the azimuthal angle of the final-state hadron is integrated out. We not only consider the case the final hadron is a lambda hyperon, but also include the case the proton is the fragmenting hadron. Following Ref. [28, 31] , for the asymmetry in the transversely polarized production of hadron, denoted by A sin φS h UUT , there are several contributions coming from the convolutions of the twist-2 TMD fragmentation functions with twist-3 TMD distribution functions. Particularly, we investigate the contributions of the hH 1 , g ⊥ G 1T and f ⊥ D ⊥ 1T coupling to the SSA A sin φS h UUT for the proton production as well as the lambda production in SIDIS. Here h, g ⊥ and f ⊥ are the twist-3 TMD distributions, and H 1 , G 1T and D ⊥ 1T are the twist-2 polarized TMD fragmentation functions coupled to distributions. Particularly, H 1 is similar to the transversity distribution h 1 , and G 1T describes the transverse momentum dependence of the transversely polarized fragmenting hadron from a longitudinally polarized quark. To this aim, we calculate the fragmentation functions H 1 , G 1T , D ⊥ 1T of the proton, and H 1 , G 1T of the lambda hyperon for light flavors, using a spectator model first introduced in Ref. [32] . The D ⊥ 1T of the lambda hyperon has already been calculated in Ref. [18] with the same model. For the twist-3 TMD distributions, the T-odd distribution g ⊥ for the u and d quarks was calculated [33] in a spectator diquark model by including both the scalar and axial-vector diquarks [34] , while another T-odd distribution h has only been calculated in a scalar-diquark model [35] . In this work we will calculate h and f ⊥ for the u and d quarks using the same spectator diquark model from Ref. ??. Using the model results of those distribution and fragmentation functions, we predict the SSA A sin φS h UUT in the transversely polarized hadron production in SIDIS at the JLab 12 GeV, with the hadron being a proton or a lambda hyperon. Particularly, We investigate the contributions of the hH 1 , g ⊥ G 1T and f ⊥ D ⊥ 1T terms for comparison. The same asymmetry at the kinematics of COMPASS is also presented.
The remained content of the paper is organized as follows. In Section II, we calculate the twist-3 TMD distributions h, and f ⊥ for the u and d valence quarks in a proton using the spectator-diquark model from Ref. [34] . In Section III, the twist-2 TMD fragmentation functions
1T are calculated. In the Section IV, we present the prediction on the sin φ S h asymmetry at the kinematics of JLab 12 GeV and COMPASS. Finally, we give our conclusion in Section V.
II. THE CALCULATION OF TWIST-3 TMD DISTRIBUTION FUNCTIONS IN A SPECTATOR MODEL
In this section, we perform the calculation of the twist-3 TMD distribution functions h, f ⊥ in a spectator diquark model following the approach in Ref. [34] , in which the isospins of the vector diquarks were used to distinguished the isoscalar (ud-like) spectators and the isovector (uu-like) spectators. The same model was previously applied to calculate the twist-3 distribution functions and the corresponding azimuthal asymmetries in Refs. [33, [36] [37] [38] [39] [40] .
The twist-3 TMD distribution functions h, f ⊥ can be obtained from the quark-quark correlator Φ(x, p T ; S) via the following traces,
The TMD quark-quark correlator Φ(x, p T ; S) is defined as [34, 41] Φ
where p and P are the momenta of the quark and the target hadron. The Wilson line U is included to ensure the gauge invariance of the operator, it arises from the gluon exchanges between the active quark and the spectator in hadron [41, 42] .
In the spectator diquark model, we can insert a complete set of the intermediate states |P − p into the correlator in Eq. (4) and get the following form
where M (0) is the nucleon-quark-spectator scattering amplitude at the lowest order
Here ε µ (P − p, λ) is the polarization vector of the axial-vector diquark, and the nucleon-quark-diquark vertices Υ s and Υ µ a (s for the scalar diquark and a for the axial-vector diquark) can be chosen as the following form [32] 
where g X (p 2 ) is the dipolar form factor to regularize light-cone divergences in the calculation of T-odd DFs when using a point-like coupling [43] . The corresponding expression can be written as
with N X and Λ X the normalization constant and the cut-off parameter of model, respectively, and L 2 X has the form
Thus, the expression of the quark-quark correlator at tree level contributed by the scalar diquark component is
and by the axial-vector diquark component is
In Eqs. (10) and (11), p + = xP + and the summation is over the polarizations of the axial-vector diquark
In this work, we adopt the following form for the propagator d µν
Following Ref. [38] , we can calculate the T-even distribution f ⊥ in the spectator model, by considering both the scalar and the axial-vector diquark. Since f ⊥ is a T-even distribution, one can obtain its expression from the lowestorder correlator. However, g ⊥ and h are T-odd distributions and vanish in the lowest order. The nonzero results for T-odd distributions arise from the effect of the gauge link [44] [45] [46] . Thus, we have to compute the one-loop amplitude to obtain the imaginary part. In the spectator model, the interference of the lowest-order amplitude M (0) and the one-loop-order amplitude M (1) gives rise to following contribution to the correlator
with q + = 0. The vertex between the gluon and the scalar (Γ s ) or axial-vector diquark (Γ a ) has the following form After Performing the trace, we can get the corresponding expressions from the scalar component to h, f ⊥ and g ⊥ :
Similar to scalar diquark case, we obtain the final results from the axial-vector diquark component:
In order to obtain the distribution functions of the u and d quarks with f s and f a , we use the following relation between the flavors and isospins of the diquark [34] 
where c s , c a and c a ′ are the free parameters of the model, a and a ′ denote the isoscalar and isovector states of the axial-diquark, respectively. These parameters, together with the mass parameters (such as the diquark masses M X , the cut-off parameters Λ X ), are taken from Ref. [34] . In this work, we use the following replacement for the combination of the charges of the quark and the spectator diquark
and we choose α s ≈ 0.3 in our calculation.
In the left panel of Fig. 1 , we plot the T-even distribution f ⊥ as function of x at a fixed p T = 0.3GeV , and in the right panel we plot f ⊥ vs p T at x=0.3. The solid and lines show the results for the u and d valence quark, respectively. As we can see, in the specified kinematic region (x = 0.3 or p T = 0.25 GeV), the distributions f ⊥ u and f ⊥ d are in similar sizes.
In Fig. 2 , we show the curves of the T-odd distribution h. Since the axial-vector diquark contribution h a vanishes in the model, h d is zero. We find that at low p T , h u is positive, while it is negative in the intermediate range of p T , and eventually falls to zero at large p T . That is, there is a node of the distribution h u in p T . The size of h is smaller compared to those of the T-even distributions f ⊥ . In particular, with the p T -dependence of h given in Eq. (18), we can verify that h u vanishes when one integrates out the transverse momentum p T [47]
This is an expected result from the time-reversal invariance for integrated distributions, and it also indicates that the distribution h will not give any contribution to the transverse SSA in inclusive DIS process [48, 49] . 
III. THE CALCULATION OF TMD FRAGMENTATION FUNCTION IN SPECTATOR MODEL
In this section, we calculate the three twist-2 TMD fragmentation functions H 1 , G 1T and D
⊥
1T that corresponding to the transverse polarization hadron production in a spectator model [32] . We note that, besides the model calculation, independent information of H 1 , G 1T and D ⊥ 1T may be also accessible in the electron-positron annihilation process 16, 50] . Similar to the calculation on the distribution functions, the TMD polarized fragmentation functions H 1 , G 1T and D ⊥ 1T may be obtained from the fragmentation correlation function ∆(z, k T ; S h T ) by the following trace
with
where where the final state |P h , S h ; X describes the final state hadron and the intermediate unobserved states. The spin vector S h of the outgoing hadron is decomposed as
In this section, we chose the forms of the vertex and propagator d µν for fragmentation functions from Ref. [32] . The choice has also been applied to calculate the fragmentation functions D ⊥ 1T and H ⊥ 1 of the Λ hyperon in Refs. [18, 51] . We also give the expression of the matrix element
Here Y D (D = s or v) is the hyperon-quark-diquark vertex, and ε µ is the polarization vector of the spin-1 vector diquark. The summation for all polarizations states of the vector diquark: in this work, the vertex structure in fragmentation is chosen as follows [32] Y s = 1g s ,
where
is the suitable coupling for the baryon-quark-diquark vertex. In this paper, the coupling vertex g D is chosen as a k 2 dependent Gaussian form factor to cut the divergence from the large k T region:
where Λ 2 has the general form
The parameters of the model are λ, α, β, together with the masses of the spectator diquark m D and the parent quark m q . Using the above settings, we can gain the theoretical expressions of D 1 as follows,
which has already been given in Ref. [18] . We note that our choice for polarization sum and the vertex structure of the vector diquark in fragmentation process is different from the one used in the calculation the TMD distributions shown in the previous Section. The difference comes from two folds. Firstly, as the fragmentation mechanism is different from the distribution of quark in a hadron, the spectator states in fragmentation are not necessarily the same as those in the initial hadron. Secondly, we find that with the current choice, our model result can reasonably reproduce the unpolarized proton fragmentation function agreeing with the available parametrization [52] .
Assuming the SU(6) spin-flavor symmetry for the final state hadron [53] [54] [55] , We can write the relation between quark flavors and diquark types for the proton and the lambda hyperon as 
Here, the parameters α, β are fixed in our fit, m D is the mass of the diquark which is the same for the scalar diquark and the vector diquark in our model. The errors of the parameters corresponds to the assumed 30% uncertainties in the HKNS parametrization. In Fig. 3 , we plot our model calculation of the unpolarized fragmentation function zD u→p 1
(z) (solid line), using the parameters in Eq. (35). The parametrization of the HNKS [52] is also shown for comparison (dashed line).
In Ref. [18] , the T-odd fragmentation function D ⊥ 1T (for the lambda hyperon) have been calculated by the same diquark spectator model. Here we will use the expression directly from Ref. [18] . For the rest relevant TMD fragmentation functions H 1 and G 1T , we obtain the spectator model results:
The spin factor a R takes the values a s = 1 and a v = − 
IV. PREDICTION ON THE TRANSVERSE SSA FOR THE PRODUCTIONS OF PROTON AND LAMBDA HYPERON IN SIDIS
The process we are going to study is the production of the transverse polarized hadron in SIDIS off the unpolarized proton:
where ↑ denotes that the final hadron is transverse polarized, ℓ and ℓ ′ represent the momenta of the incoming and outgoing leptons, and P and P h are the momenta of the target nucleon and the final-state hadron, which can be a proton or a lambda hyperon.
Following the convention in Ref. [56] , in our calculation we adopt the reference frame shown in Fig. 6 [28], where P h⊥ and S h⊥ are the transverse momentum and the transverse spin of the detected hadron, respectively. The corresponding azimuthal angles with respect to the lepton scattering plane are denoted by φ h and φ S h . The invariant variables used to express the differential cross section of SIDIS are defined as
where q = ℓ − ℓ ′ is the four-momentum of the virtual photon, and W is the invariant mass of the hadronic final state. With the above variables, the differential cross section of the process (39) for polarized proton and Lambda hyperon in semi-inclusive deep inelastic scattering off an unpolarized target can be expressed as [26, 28] 
with F ABC = F ABC (x, z, P 2 h⊥ ). The subscripts A, B and C indicate the polarizations of the incoming lepton, the target nucleon and the produced final state hadron, respectively. F UUU is the spin-averaged structure function, and F sin φS UUT is the spin-dependent structure function that contributes to the sin φ S h azimuthal asymmetry. As well known, the structure functions shown in Eq. (41) can be expressed by the convolution of twist-2 and twist-3 TMD distribution and fragmentation. The two structure functions in Eq. (41) are given by the following expressions [18] 
where we introduce the convolution integral
Based on the Wandzur-Wilczek approximation [57] , in the following calculation we ignore the contribution from the twist-3 TMD FFsD T ,H ⊥ T andH T . Thus the structure functions F sin φS h UUT may be expressed as
where we have defined the kinematical factors
with the ratio ε of longitudinal and transverse photon flux being ε =
1−y+y 2 /2+γ 2 y 2 /4 . The x-dependent and the z-dependent asymmetries can be defined in a similar way.
Finally, in our estimate we also consider the following kinematical constraints on the intrinsic transverse momenta of the initial quarks in our calculation [58] :
The first constraint is obtained by requiring the energy of the parton to be less than the energy of the parent hadron; while the second constraint is given by the requirement that the parton should move in the forward direction with respect to the parent hadron [58] . There are two upper limits for k T in the region x < 0.5, the smaller one should be chosen at the same time. 
A. Asymmetries at JLab 12 GeV
We estimate the SSA A sin φS h UUT (P h⊥ ) of the transversely polarized hadron production in SIDIS at JLab with a 12 GeV electron beam, the kinematical cuts adopted in our calculation are:
In Fig. 7 , we plot our prediction on A sin φS h UUT at beam energy 12 GeV at JLab for the transversely polarized proton production as functions of P h⊥ , x and z, respectively. We find that the magnitude of the asymmetry A sin φS h UUT for proton production is sizable and negative, the size is around 4% at the kinematics of JLab. In the P h⊥ -dependent and z-dependent asymmetries, the hH 1 term dominates over the g
1T term is much smaller and can be almost neglected. This is due to the very small size of D ⊥ 1T of the proton in the moderate z region. Thus the sin φ(S h ) asymmetry in transversely polarize proton production may provide an opportunity to probe the unknown TMD distribution h(x, p 2 T ) and the fragmentation function H 1 (z, k 2 T ). We also predict the asymmetry A sin φS h UUT at JLab 12GeV for the transversely polarized Λ hyperon production as functions of P h⊥ , x and z, respectively. In our model for the fragmentation functions, H 1 and G 1T for the u and d quarks are vanishing. The T-even fragmentation functions only receives the contribution from the strange quark. Thus, the hH 1 and g ⊥ G 1T terms are zero as in our spectator model h and g ⊥ of the strange quark also vanish. Only for Λ hyperon production is smaller than 1%, which is smaller compared to that for the proton production. Nevertheless, the sin φ S h asymmetry in transversely lambda production may provide a clean way to access the f ⊥ D ⊥ 1T as there are no competing terms in this process. 
B. Asymmetries at COMPASS
To study the energy dependence of the asymmetries, we also estimate the transverse asymmetries for proton and Lambda at COMPASS with a muon beam of 160 GeV as a further comparison. In this calculation, we adopt the following kinematical cults [59] : 0.004 < x < 0.7, 0.1 < y < 0.9, z > 0.2,
The numerical results of the asymmetries A sin φS h UUT for proton and Lambda hyperon are shown in Figs. 9 and 10, respectively.
Our prediction for the sin φ S h of the proton production show that the hH 1 term dominates over the g ⊥ G 1T and f ⊥ D ⊥ 1T terms at COMPASS, similar to the case at JLab. We also find that the size of the hH 1 contribution is around 1% for the proton production at the kinematics of COMPASS, and it is clearly smaller than that of JLab. This is because that Q at COMPASS is larger than that at JLab, and the twist-3 effect is suppressed by a factor of 1/Q. The asymmetries for Lambda hyperon is also smaller than that at JLab.
V. CONCLUSION
In this work, we studied the role of the twist-3 TMD distribution and twist-2 fragmentation functions in the sin(φ S h ) azimuthal asymmetry in SIDIS process, in which the final state hadron is a transversely polarized proton or lambda hyperon. We preformed the model calculation of the twist-3 TMD distributions h and f ⊥ as well as the twist-2 fragmentation functions H 1 , G 1T and D ⊥ 1T using the spectator diquark model. In calculating the TMD distributions, we considered the both scalar and axial-vector diquarks [32, 34] , respectively. Using the model results on the TMD distribution and fragmentation functions, we predicted the SSA A sin φS h UUT for the transversely polarized proton and Lambda production in SIDIS at the kinematics of JLab 12 GeV and at COMPASS. We find that the estimated the asymmetry A term survives in our model. Although this asymmetry is small, it might be still measurable at the kinematics of JLab 12 GeV. Our study shows that the measurement of the sin φ S h in the proton production at JLab and COMPASS is feasible to probe the unknown TMD distribution h and fragmentation function H 1 . We note that independent information of H 1 may be also accessible in the electron-positron annihilation process e + e − → h ↑ 1 h ↑ 2 X, which can be combined with the data in SIDIS to perform the phenomenological analysis.
